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To my parents

Preface

This book is based mainly on the lecture notes that I have been using since 1993 for
a course on applied probability for engineers that I teach at the Ecole Polytechnique
de Montreal. This course is given to electrical, computer and physics engineering
students, and is normally taken during the second or third year of their curriculum.
Therefore, we assume that the reader has acquired a basic knowledge of differential
and integral calculus.
The main objective of this textbook is to provide a reference that covers the topics
that every student in pure or applied sciences, such as physics, computer science,
engineering, etc., should learn in probability theory, in addition to the basic notions
of stochastic processes and statistics. It is not easy to find a single work on all these
topics that is both succinct and also accessible to non-mathematicians.
Because the students, who for the most part have never taken a course on probability theory, must do a lot of exercises in order to master the material presented,
I included a very large number of problems in the book, some of which are solved
in detail. Most of the exercises proposed after each chapter are problems written especially for examinations over the years. They are not, in general, routine problems,
like the ones found in numerous textbooks.
The exercises that can be done after a given section is read are listed in Appendix
C. The reader will also find, in Appendix D, the answers to all the multiple choice
questions proposed in the manual. (Of course, the student is recommended to first try
to solve an exercise before looking at the answer.) Appendix E provides the answers
to selected supplementary exercises included in Chapters 6 and 7.
The book contains a few biographical notes on nearly all the mathematicians
mentioned in the text. The reader interested in learning more about these great mathematicians can consult the various books or Web sites dedicated to the biographies
of scientists.
Most of the figures in this book were realized with the help of a software program
that enables one to draw curves or diagrams. When the figures involved mathematical
functions, such as the exponential function, a mathematical software was used, when
possible, to obtain precise curves.
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Preface

I wish to express my gratitude to my colleagues who taught the course on probability theory for engineers with me during the last ten years. They contributed in
providing interesting exercises that are now part of this manual. I am also grateful
to Jean-Luc Guilbault, who helped me by typing most of the exercises found in the
book. This was made possible by a grant from the Service pedagogique of the Ecole
Poly technique, which I thank as well.

Mario Lefebvre
Montreal, August 2005

Contents

Preface

vii

1

Introduction
1.1 The Beginnings of Probability
1.2 Examples of Applications
1.3 Relative Frequencies

1
1
2
4

2

Elementary Probabilities
2.1 Basic Concepts
2.2 Probability
2.3 Combinatorial Analysis
2.4 Conditional Probability
2.5 Independence
2.6 Exercises, Problems, and Multiple Choice Questions

7
7
10
13
18
21
26

3

Random Variables
3.1 Introduction
3.2 The Distribution Function
3.3 The Probability Mass and Density Functions
3.4 Important Discrete Random Variables
3.5 Important Continuous Random Variables
3.6 Transformations
3.7 Mathematical Expectation and Variance
3.8 Transforms
3.9 Reliability
3.10 Exercises, Problems, and Multiple Choice Questions

55
55
57
64
70
82
92
95
103
108
Ill

4

Random Vectors
4.1 Introduction
4.2 Random Vectors of Dimension 2
4.3 Conditionals

157
157
158
166

X

Contents
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12

Random Vectors of Dimension n >2
Transformations of Random Vectors
Covariance and Correlation
Multinormal Distribution
Estimation of a Random Variable
Linear Combinations
The Laws of Large Numbers
The Central Limit Theorem
Exercises, Problems, and Multiple Choice Questions

170
172
176
179
182
185
188
189
195

5

Stochastic Processes
5.1 Introduction
5.2 Characteristics of Stochastic Processes
5.3 Markov Chains
5.4 The Poisson Process
5.5 The Wiener Process
5.6 Stationarity
5.7 Ergodicity
5.8 Exercises, Problems, and Multiple Choice Questions

221
221
222
225
228
232
235
238
240

6

Estimation and Testing
6.1 Point Estimation
6.2 Estimation by Confidence Intervals
6.3 (Pearson's) Chi-Square Goodness-of-Fit Test
6.4 Tests of Hypotheses on the Parameters
6.5 Exercises, Problems, and Multiple Choice Questions,
Supplementary Exercises

253
253
258
262
266

Simple Linear Regression
7.1 Introduction: The Model
7.2 Tests of Hypotheses
7.3 Confidence Intervals and Ellipses
7.4 The Coefficient of Determination
7.5 The Analysis of Residuals
7.6 Curvilinear Regression
7.7 Correlation
7.8 Exercises, Problems, and Multiple Choice Questions,
Supplementary Exercises

307
307
310
313
315
315
318
321

7

279

324

Appendix A: Mathematical Formulas

339

Appendix B: Quantiles of the Sampling Distributions

341

Appendix C: Classification of the Exercises

345

Appendix D: Answers to the Multiple Choice Questions

347

Contents

xi

Appendix E: Answers to Selected Supplementary Exercises

349

Bibliography

351

Index

353

List of Tables

3.1
3.2
3.3
3.4
3.5

Distribution function of the binomial distribution
Distribution function of the Poisson distribution
Values of the function <^(z)
Values of the function Q~^(p) for some values of p
Means and variances of the main probability distributions

74
79
91
92
101

6.1
6.2
6.3
6.4

Values of Za for various values of a
Values of ^o.025,w and ^o.05,« for various values ofn
Values of Xa,n ^^^ various values of a and n
Values of Fo.o25,«,rt and Fo.o5,n,n for several values ofn

259
261
264
278

7.1

Analysis of variance

313

List of Figures

1.1
1.2

Example of a system
Example of a communication system

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10
2.11
2.12
2.13

Set theory: Venn diagrams
Figures for the proof of parts 4) and 5) of Proposition 2.2.1
Example of a tree diagram
Tree diagram drawn compactly
Example of a partition of a sample space with n = 4
Graphical representation of a two-out-of-three system
System in Exercise no. 5
Figure for Exercise no. 6
Figure for Problem no. 2
System in Problem no. 12
System in Multiple choice question no. 10
Systems for Multiple choice question no. 25
System for Multiple choice question no. 48

3.1
3.2
3.3
3.4
3.5
3.6
3.7

Notion of random variable
Distribution function of the random variable X in Example 3.2.1
Distribution function of the random variable T in Example 3.2.2
Distribution function of the random variable Y in Example 3.2.3
Distribution function of the random variable W in Example 3.2.3 . . .
Probability mass function of the random variable X in Example 3.3.1
Probability density function of the random variable T in Example
3.3.2
3.8 Probability density function of the random variable in Example 3.3.5
3.9 Distribution function of the random variable in Example 3.3.5
3.10 Probability mass function of a binomial random variable for which
n=4mdp
= l/2
3.11 Probability mass function of a geometric random variable for which
p = l/2

3
4
9
11
13
14
20
24
28
29
31
33
40
43
51
55
60
60
61
62
65
67
69
70
72
75

List of Figures
3.12 Probability mass function of a Poisson random variable for which
Of = 1
3.13 Probability density function of a random variable having a uniform
distribution on the interval [a,b]
3.14 Distribution function of a random variable uniformly distributed on
the interval [a,b]
3.15 Density function of an exponential random variable with parameter
X=2
3.16 Distribution function of an exponential random variable with
parameter X = 2
3.17 Probability density functions of various random variables having a
gamma distribution with X = I
3.18 Probability density functions of Gaussian random variables with
/x = 0
3.19 System in Multiple choice question no. 51
4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9

78
83
83
84
84
86
89
144

4.13
4.14
4.15

Notion of random vector
Example of computation of probability in two dimensions
Non-decreasingness of the joint distribution function
Figures for Example 4.2.2
Joint distribution function in Example 4.2.2
Example of transformation of a random vector
Distribution function of the sum of two random variables
Figures for Example 4.6.1
Joint probability density function of a random vector having a
bivariate normal distribution with fix = /jty =0,ax = cry = I and
p = 0
Probability mass function of the random variable in Example 4.11.1.
Probability mass function of the random variable obtained by
adding 16 independent copies of the random variable in Example
4.11.1
Probability mass function of the random variable obtained by
adding 32 independent copies of the random variable in Example
4.11.1
Approximation of a binomial distribution by a Gaussian distribution .
Figure for part d) of Exercise no. 4
Figure for part a) of Exercise no. 9

192
194
198
201

5.1
5.2

Example of trajectory of a telegraph signal process
Example of trajectory of a Wiener process

230
234

6.1
6.2
6.3
6.4

Definition of the quantity Za/2
Examples of Student's tk distributions
Definition of the quantity ta/2,n-i
Definition of the quantities x^n n-i ^^^ '^l-a/i n-\

258
260
260
^^^

4.10
4.11

4.12

157
161
162
163
164
175
176
178

180
191

191

List of Figures
7.1
7.2
7.3

Graph in Example 7.1.1
Residuals forming a uniform band
Residuals showing at least one assumption not satisfied

xvii
309
317
318

Introduction

1.1 The Beginnings of Probability
We often hear that the theory of probability started in the seventeenth century, when
a French nobleman, the Chevalier de Mere, proposed the following problem in 1654
to his friend Pascal: Why is one more likely to obtain a "6" in four throws of a die
than to obtain a double "6" in 24 throws of two dice? This problem is known as de
Mere's paradox. We use the word paradox, because, based on the fact that there are
6 possible results when we roll a die and 36 possible results when we roll two dice,
some people thought that the two events above should have the same probability.
Indeed, notice that the number of throws, divided by the number of possible results,
is equal to 2/3 in both cases (4/6 = 24/36 = 2/3). Nowadays, we can easily compute
the probability of each event. We find that the probability of obtaining at least one
"6" in four rolls of a (fair or non-biased) die is 1 - (5/6)^ = 671/1296 2:^ 0.5177,
while the probability of getting at least a double "6" in throwing two dice 24 times is
1-(35/36)2^:^0.4914. We can deduce that the Chevalier de Mere must have spent
a lot of time throwing dice to discover such a small difference!
According to some historians, this problem was not proposed by de Mere.
William Feller, who wrote two books on probability theory which are considered
as true classics, mentions that the problem was in fact first treated by Cardano^ in
the preceding century. Gerolamo Cardano, or Jerome Cardan as he is called in English, was a colorful character who, in addition to being a mathematician, was also
a doctor and an astrologer. He was an inveterate gambler, which caused him many
problems. He also analyzed dice games and a card game similar to poker. Furthermore, he made astrological predictions. It is said that he had predicted the day of
his death. Since he was in good health when the day in question arrived, he would
^ Gerolamo Cardano, 1501-1576, was bom and died in Italy. He became interested in the domain of probability to gain an advantage over his opponents in card and dice games. He also
worked on algebraic equations. He gave the resolution method for third- and fourth-degree
equations. The formula for the solution of third-degree equations had been previously obtained by the Italian mathematician Tartaglia.
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certainly have committed suicide so as not to lose face! Note that another version of
the story says that he managed to die of hunger on that day.
Remark. In order to pay homage to the great mathematicians who left their mark on
the history of probability, we have included some biographical notes on almost every
one whose name appears in the book, for example, Poisson, who gave his name to a
random variable and an important stochastic process.
One thing is certain, Pascal^ exchanged correspondence with Fermat"^ concerning
the above-mentioned problem (see reference [5], p. 128, where an excerpt of a letter
is reproduced). They also exchanged letters about other games of chance, including
one known as the problem of points, which contributed greatly to the development of
the domain of probability.
The first complete treatise on the calculus of probabilities was written by Huygens"* in the seventeenth century. It is however James (or Jacob) Bernoulli (see p.
70), in posthumous works published in 1713, who really founded the calculus of
probabilities. Afterward, Laplace (see p. 85), with his book Theorie analytique des
probabilites written between the years 1812 and 1820, developed the theory of probability in a more rigorous way. Finally, in the twentieth century, Kolmogorov (see p.
227) gave the domain of probability its modem formulation.

1.2 Examples of Applications
If the conditions under which an experiment is carried out determine the result of this
experiment, then it is said to be deterministic. For example, suppose that we observe
an object moving in the sky along a decreasing exponential trajectory. Suppose also
that we can control this object from a distance. Let x be the height of the object with
respect to the ground at time 0. Then, if there are no perturbations, we can use the
following model to determine the value of JC(0, the height of the object at time t:

^ Blaise Pascal, 1623-1662, was born and died in France. His father, Etienne, was his professor. He invented a calculating machine to help his father with his work as a tax collector.
Along with Fermat, he is one of the founders of the theory of probability. He was also interested in geometry and physics. From 1654 on, he became deeply religious and published
books on philosophy and theology.
^ Pierre de Fermat, 1601-1665, was bom and died in France. He is especially known for his
work on number theory, in particular his famous "last theorem." He has been a precursor
in the domains of probability, differential calculus and analytic geometry. He was also a
lawyer and, in addition to doing his research in mathematics, he was a councillor for the
parliament at Toulouse.
^ Christiaan Huygens, 1629-1695, was bom and died in the Netherlands. He studied law
and mathematics at the university of Leiden. Descartes showed interest in his mathematical
progress. He worked, in particular, in astronomy, mechanics and optics. In 1655, using
instruments he had made himself, he discovered Titan, the largest satellite of Satum. The
theory of pendulum motion is also due to him.

1.2 Examples of Applications

Figure 1.1. Example of a system.

dx(t) = —ax(t) dt -h bu{t) dt,

(1.1)

x(0) = j c ,

where a (> 0) and b are constants and the variable u{t) is called the control.
Whittle (see [24]) and the author used the equations above in research papers as
a rudimentary model for the displacement of an airplane that is preparing to land.
When we cannot predict the result of an experiment repeated under the same conditions, we say that it is a random experiment. We can then make a list of all possible
outcomes and try to compute the probability of each of these possible outcomes. In
this textbook, we are only interested in random experiments.
Probability is used in practically every pure or applied science. Examples in engineering, particularly in electrical engineering, where we must resort to the calculus
of probabilities are the following.
a) Many systems may be represented by a number of components placed in series
or in parallel. For example, consider the system described by the diagram in Fig.
1.1. In reliability, we must be able to calculate the probability that such a system
will function during a certain period of time, or at a given instant. In the latter case,
we must then know, for each component, the probability that it functions at this
instant and take into account the fact that the components perhaps do not operate
independently from one another. In the case of reliability during a given period of
time, we must know the distribution of the lifetime of each component.
b) In communication, we must often take into account the "noise" present in a system. For example, suppose that a system transmits either a 0 or a 1, and that there is
a risk p that the number transmitted will not be received correctly (see Fig. 1.2). We
may be interested in computing the probability that a 0 has been transmitted, given
that a 0 has been received, or that a transmission error has occurred, etc.
c) In automatic control, if we take the random perturbations into account, then the
model (1.1) above becomes
dx{t) = -ax(t) dt + buit) dt + dW{t),

(1.2)

where W(t) is called a Brownian motion (or a Wiener process). We also say that
dW(t)/dt is a Gaussian white noise. Equation (1.2) is an example of a stochastic
differential equation.
d) In computer science, probability is used, in particular, to help us make decisions
in expert systems. We also make use of probability in simulation and in artificial
intelligence, as well as in the field of queueing theory.
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Transmission

Reception

0
1
1-p

1

Figure 12. Example of a communication system.
e) In physics, the domain known as statistical physics requires some knowledge of
the theory of probability, and so does that of quantum mechanics. In this last case,
we must be familiar with diffusion processes, such as the Wiener process.

13 Relative Frequencies
To obtain the probability of one of the possible outcomes when we perform a random
experiment, we repeat this experiment a large number of times. Let
Mn) := - ^ ^ ,
(1.3)
n
where Nk{n) is the number of times that the possible outcome k has occurred during
n repetitions of the experiment. The quantity fk(n) is called the relative frequency
of outcome k. If there are K possible outcomes, which we denote by 1,2,... , K,
then we may write that
0<fk(n)<\

f o r ^ = 1,2,... ,/«:

(1.4)

and that
K

^ A ( « ) = l.

(1.5)

k=\

Indeed we have, of course: Nk(n) e {0, 1 , . . . , « } , so that fk(n) e [0, 1], and
K

^
Ni(n)-\-"--{-NK(n)
> fk(n) =

n
= - = 1.

Moreover, if A is a set that contains two possible outcomes, j and k, then
fAin) = fj(n)-^fk(n),
because j and k cannot occur on the same repetition of the experiment.

(1.6)

1.3 Relative Frequencies

5

For instance, if we consider the random experiment that consists in observing the
outcome of the roll of a die, then there are ^ = 6 possible results: 1,2,... , 6 . Let
A be the set {1, 6}. Because we cannot obtain both " 1 " and "6" on the same roll, we
may write that /^Cn) = f\{n) -\- fein).
Finally, the probability of the outcome k is obtained by taking the limit of fk (n)
as the number n of repetitions tends to infinity:
P[{k}] := lim fk(n).

(1.7)

Elementary Probabilities

2.1 Basic Concepts
Definition 2.1.1. An experiment that can be repeated under the same conditions and
whose outcome cannot be predicted with certainty is called a random experiment.
Example 2.1.1 A box contains 10 brand A transistors and 10 brand B transistors.
We consider the following four random experiments:
E\\ three transistors are taken, at random and with replacement, and the number of
brand A transistors (among the three selected) is counted.
Remark. Sampling with (respectively without) replacement means that the object that
has been selected is (resp. is not) replaced in the box before taking the next one.
Therefore, in the case of sampling with (resp. without) replacement, the same object
can (resp. cannot) be selected more than once.
E2'. three transistors are taken, at random and with replacement, and the brand of
each transistor is noted.
£•3: transistors are taken one at a time, at random and with replacement, until a brand
A transistor has been obtained; the number of brand B transistors taken before obtaining a brand A transistor is counted.
£•4: a transistor is taken at random and its lifetime is measured (in hours).
Definition 2.1.2. The set S of all possible outcomes of a random experiment is called
the sample space of this experiment. Each possible outcome is also called an elementary event.
When a repetition of a random experiment is performed, one and only one of
the elementary events occurs. That is, the elementary events are incompatible (or
mutually exclusive) and exhaustive.
Example 2.1.1 (continued) Corresponding to the random experiments above, we
have the following sample spaces:

8
5i=
52 =
53 =
54 =

2 Elementary Probabilities
{0,1,2,3}.
{AAA, AAB, ABA, BAA, ABB, BAB, BBA,
{0,1,...}.
[0,oo).

BBB}.

The number of elementary events in a sample space may be finite {S\ and 52),
denumerably infinite (53), or non-denumerably infinite (54).
Remark. A set is called denumerably (or countably) infinite if we can establish a
one-to-one relationship between its elements and the positive integers.
A sample space that is finite or denumerably infinite is said to be discrete,
whereas if 5 is non-denumerably infinite, we say that it is continuous.
Remark. In this chapter, we will not consider the case when the sample space 5 would
be the union of a finite or denumerably infinite set of points and a non-denumerably
infinite set of points. For instance, let E be the following random experiment: first a
coin is tossed; if we get "tails," then the point 0 is chosen, otherwise a point is taken
at random in the interval [1,2]. In this case, we would have 5 = {0} U [1, 2]. An
example like this will be called a "mixed" type in Chapter 3.
Definition 2.13. An event is a subset of the sample space 5. Thus, the empty set 0
and the sample space 5 itself are events.
Remarks, i) The empty set 0 is called the impossible (or null) event and 5 is the
certain event.
ii) There are 2" events that can be defined with n elementary events.
iii) We generally use capital letters like A, 5 , etc., to denote events.
Example 2,1.1 (continued) Events defined with respect to the sample spaces associated with the random experiments above are the following:
A\\ exactly one brand A transistor is obtained; that is, A\ = {!}.
A2'. one brand A transistor and two brand B transistors are obtained; that is, A2 =
{ABB,BAB,BBA].
Ay. five or six brand B transistors are picked before a (first) brand A transistor is
obtained; that is, A3 = {5, 6}.
A4: the selected transistor lasts more than 200 hours; that is, A4 = (200, oc).
Operations with Sets (see Fig. 2.1, p. 9)
Union: A\J B denotes the set of outcomes that belong to A or to 5 (or to both).
Similarly, in general, for n events we write:
AiUA2U...UA„ = | J A / .
i=\

2.1 Basic Concepts

Union

Union

Incompatibility
S

Incompatibility
S

•@

Complement

Inclusion

Figure 2.1. Set theory: Venn diagrams.
Intersection: AHB
general, we have:

denotes the set of outcomes that belong to both A and B. In
Ai n A 2 n . . . n A„ = p|A,-.

If two events are incompatible, then we write: AD B = 0,
Complement: The complement of an event A is the set of outcomes that do not
belong to A; it is denoted by A^.
Inclusion: If all the outcomes that belong to event A also belong to event 5 , then we
say that A is included in B and we write: A c B.
Equality: Two events are said to be equal if they contain the same outcomes; we
then write: A = B.
We can easily show the following relationships:
l ) A U 5 = B U A a n d A n B = 5 n A (Commutativity).
2) A U (5 U C) = (A U B) U C and A n (5 n C) = (A n 5) n C (Associativity).
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3) AU (B nC) = (AU B)n(AUC)
and A n {B U C) = (A n B) U (A H C)
(Distributivity).
4) (A n BY = A^ U 5^ and (A U BY = A^ 0 5^ (De Morgan's laws).

2.2 Probability
Definition 2.2.1. Let E be a random experiment and S a sample space associated
with E. To each event A in S we assign a real number noted P[A], called the probability of A, so that the following properties are satisfied:
Axiom I: P[A] > 0 V A c 5;
Axiom II: P[S] = 1;
Axiom III: /jf Ai, A2, . . . is a sequence of incompatible events, then

U^*

,k=\

(2.1)

= ^/'[A^].
k=\

Remarks, i) We deduce from Axiom III that if A Pi fi = 0, then
(2.2)

P[AU B] = P[A] + P[Bl

Indeed, we only have to take Ai = A, A2 = ^ and Ak = i/i for k > 3, because P[0]
= 0 (see Proposition 2.2.1).
ii) The function P is called a probability measure; it is a function from S into the
interval [0, 1].
With the help of the three axioms above, we easily show the following proposition.
Proposition 2.2.1. We have:
1)/>[A^] = 1 - P[A].
2) P[A] < 1.
3) P[0] = 0.
4)

= J2 ^f^^J - E ^[^i n A^] + ... + (-ir-^^P
_k=\

^=1

5) If A C B, then P[A] < P[B].

n^.

.^=1

2.2 Probability

11

s
B

A

AnB^( jA^nBj

Ane

Figure 2.2. Figures for the proof of parts 4) and 5) of Proposition 2.2.1.
Proof.
1) Since A^ L) A = S and A^ fl A = 0, we deduce from Axioms II and III that
P[A^ U A] = 1 and

P[A^ U A] = P[A^] + P[A] => P[A^] = 1 -

P[Al

2) P[A] = 1 - P[A^] < 1 because PIA"^] > 0 (by Axiom I).
3) We have: S"" = id and P[5^] = 1 - P[S] = 1 - 1 = 0 .
4) For n = 2, let us write Ai = A and A2 = B; we then have (see Fig. 2.2):
P[A \JB] = P[A n 5^] + P[A 0 5] + PIA'^ n B],
because the three events are incompatible. Moreover,
P[A n 5^] = P[A] - P[A n B]

and

P[A^ n B] = P[B] - P[A D B].

So, we have:
P[A UB] = P[A] + P[B] - P[A n Bl

(2.3)

Next, let D := fi U C; then, we may write that
P[A UBUC]

= P[A U D] = P[A] -f P[D] - P[A H D]
= P[A] + P[B] + P[C] - P[B n C] - P[A n (5 U C)]
= P[A] + P[B] + P[C] - P[B n c ] - P[(A n 5) u (A n c ) ] .

Hence, we obtain the following formula:

P[A U B U C] = P[A] + P[B] -h P[C] - P[A n B]

- P[A n C] - P[B n C] + P[A n 5 n c].

(2.4)

To prove the formula in the general case, we proceed by induction (that is, we assume
that the formula is true for the case of n events and we try to show that it is then also
valid for n + 1 events).
5) If A c 5 , we may write (see Fig. 2.2) that
P[A] = P[B] - P[A' nB]=^

P[A] < P[Bl

D
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Discrete Sample Spaces
If 5 is a discrete sample space, we may write that
S=

{e\,e2....},

where ek is a possible outcome (or an elementary event). Let A c 5; then the probability of event A can be obtained by making use of the following formula:
p[A]=

Yl

^[{^^}]-

(2-^)

If the number n of elementary events e^ is finite and if the ek's are equiprobable
(or equally likely), so that P[{^A:}] = ^/n^k, then we may write that
P[A]=n{A)/n,

(2.6)

where n{A) is the number of elementary events in A.
Example 22A i) In the case of the sample space 5i in Example 2.1.1, the four
elementary events are not equiprobable. If we denote the probability P[{0}] by p ,
then we may write that
P[{\}] = P[{2}] = 3p and P[[2]] = p.
Moreover,
3

k=0

Hence, we find that
PlAi] = P[{l]] = 3/S ( ^ 1 / 4 ) .
On the other hand, the ek's are equally likely in the case of 52 and we may write,
directly, that
/'[>^2] = P[{ABB, BAB, BBA}] = 3/8.
Note that the probabilities P[A]] and P[A2] must be equal because the events A\ and
A2 correspond to the same outcome of the three draws in the random experiments Ei
and £"2- Thus, to calculate the probability of getting exactly one brand A transistor
in three draws at random and with replacement from a box containing 10 brand A
and 10 brand B transistors, it is simpler to consider the sample space ^2 for which
the outcomes are equally likely.
ii) Since the sample space 5*3 is denumerably infinite, the ek's cannot be equiprobable.
We can show that
P[A^] = P[{5. 6}] = P[[5}] + P[{6}] = (10/20)^(10/20) + (1/2)^1/2).
The second equality above is obtained by incompatibility of the events {5} and {6},
while the third equality results from the notion of independence (which will be discussed in Section 2.5).
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