
 



 

For further volumes:

http://www.springer.com/series/776

Monographs in Theoretical Computer Science 
An EATCS Series 
 
Editors: J. Hromkovič  G. Rozenberg  A. Salomaa 

Founding Editors: W. Brauer  G. Rozenberg  A. Salomaa 

 
On behalf of the European Association 
for Theoretical Computer Science (EATCS) 

 

Advisory Board: 
G. Ausiello  M. Broy  C.S. Calude  A. Condon 
D. Harel  J. Hartmanis  T. Henzinger  T. Leighton 
M. Nivat  C. Papadimitriou  D. Scott 
 



 



 

Sergey Kitaev

Patterns in 
Permutations
and Words



 

University of Strathclyde 
Department of Computer and Information Sciences 

Livingstone Tower 
26 Richmond Street  

United Kingdom 
sergey.kitaev@cis.strath.ac.uk 
 

Series Editors 

Prof. Dr. Juraj Hromkovič 
ETH Zentrum 
Department of Computer Science 
Swiss Federal Institute of Technology 
8092 Zürich, Switzerland 
juraj.hromkovic@inf.ethz.ch 

Prof. Dr. Grzegorz Rozenberg 

Prof. Dr. Arto Salomaa 

Leiden Institute of Advanced 

Turku Centre of Computer Science 

Computer Science 

Lemminkäisenkatu 14 A 

University of Leiden 

20520 Turku, Finland 

Niels Bohrweg 1 

asalomaa@utu.fi 

2333 CA Leiden, The Netherlands 
rozenber@liacs.nl  

 
 
 
 
  
 
 
 
ISSN 1431-2654 
ISBN 978-3-642-17332-5 e-ISBN 978-3-642-17333-2 
DOI 10.1007/978-3-642-17333-2 
Springer Heidelberg Dordrecht London New York 
 
Library of Congress Control Number: 2011937054
 
ACM Computing Classification (1998): G.2, F.2 
  Springer-Verlag Berlin Heidelberg 2011 
This work is subject to copyright. All rights are reserved, whether the whole or part of the material is  
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, 
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication or 
parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965, in 
its current version, and permission for use must always be obtained from Springer. Violations are liable to 
prosecution under the German Copyright Law. 
The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply, 
even in the absence of a specific statement, that such names are exempt from the relevant protective laws 
and regulations and therefore free for general use. 
 
Printed on acid-free paper 
 

Springer is part of Springer Science+Business Media (www.springer.com) 

Dr. Sergey Kitaev 

Glasgow, G1 1XH



 

Foreword

The study of patterns in permutations and words has a long history. For exam-
ple, starting in the 1880s, MacMahon began his study of combinatorial objects. In
particular, he gave generating functions for the distribution of inversions in permu-
tations and words which in modern day terminology correspond to occurrences of
the pattern 21. The study of descents or consecutive occurrences of the pattern 21
goes back even further in that Leonhard Euler in 1749 introduced polynomials of the
form

∑n

k=0(k + 1)ntk = An(t)
(1−t)n+1 to help in the evaluation of the Dirichlet η-function

η(s) =
∑∞

n=1
(−1)n−1

ns . The polynomial An(t), which is now known as the Eulerian
polynomial, is the generating function of the number of descents over the symmetric
group Sn, i.e. An(t) =

∑

σ∈Sn
xdes(σ). The Eulerian polynomials were studied from

a combinatorial point of view by Foata and Schützenberger in 1970. The study of
permutations and words that have regular patterns also has a long history. For ex-
ample, André in 1879 showed that the exponential generating function of up-down
permutations is sec(x) + tan(x) and Carlitz in 1973 found the generating functions
for up-down words. These and other works led to the study of permutation statistics
which became an active area of research starting in the 1970s and remains an active
area of research up to this day.

The origin of the modern day study of patterns in words can be traced back
to papers by Rotem, Rogers, and Knuth in the 1970s and early 1980s. The first
systematic study of permutation patterns was not undertaken until the paper by
Simion and Schmidt which appeared in 1985. Today the study of patterns in per-
mutations and words is a very active field as is evidenced by the exceedingly long
bibliography for this volume. At this point, there is a rich collection of tools that has
been developed to study a variety of problems such as how to count the number of
permutations and words that avoid a given pattern or collection of patterns or how
to find the generating function for the number of occurrences of a pattern or collec-
tion of patterns. The notion of patterns in permutations and words has proved to
be a useful language in a variety of seemingly unrelated problems including the the-
ory of Kazhdan-Lusztig polynomials, singularities of Schubert varieties, Chebyshev
polynomials, rook polynomials for Ferrers boards, and various sorting algorithms
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including sorting stacks and sortable permutations. In addition, the study of pat-
terns in permutations and words also arises in computational biology and theoretical
physics.

The present book is a welcome addition to the literature on permutation pat-
terns. In this book, Sergey Kitaev not only systematizes and organizes a vast number
of results on patterns in permutations and words that have appeared in the litera-
ture, but he also describes the connections of the study of patterns in permutations
and words with the various fields mentioned in the previous paragraph. The study
of patterns in permutations and words also leads to a large number of interesting
questions in bijective combinatorics. For example, we say that two permutations σ
and τ are Wilf-equivalent if for all n, the number of permutations of Sn which avoid
σ, i.e. which have no occurrences of the pattern σ, is the same as the number of
permutations of Sn which avoid τ . There is a vast literature on classifying which
pairs of permutations are Wilf-equivalent and such a classification naturally leads
to questions of how to find bijective proofs of such equivalences. Similarly, there
is a large literature which shows that various other combinatorial objects such as
partially ordered sets, lattice paths, planar maps, and labeled trees are equinumer-
ous with certain classes of permutations which avoid a given pattern. This book
provides a valuable introduction to the study of bijective questions that arise in the
study of patterns in permutations and words. Another novel feature of this book is
that Kitaev puts particular emphasis on various generalizations of classical patterns
in permutations and words such as partially ordered patterns, barred patterns, vin-
cular patterns, bivincular patterns, and place-difference-value patterns. This is the
first book that provides a comprehensive look at such generalizations of classical
patterns. Thus, this book provides a welcome and valuable addition to the study
of patterns in permutations and words. I believe that it will provide a valuable
introduction for graduate students and researchers who want to pursue research in
the study of patterns in permutations and words as well as a valuable reference for
experts in the field.

Jeffrey B. Remmel
San Diego, February 20, 2011
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Preface

This book deals with occurrences of patterns in permutations and, more generally, in
words with repeated letters. An occurrence of a pattern in a word is a subsequence
of the word whose letters appear in the same order of size as the letters in the
pattern. As a simple example, an occurrence of the pattern 321 is simply a decreasing
subsequence of length 3, such as the one formed by the letters 632 in the permutation
4631725.

The patterns we deal with have been studied sporadically, often implicitly,
for over a century, but in the last 20 years or so, the area has grown dramati-
cally, resulting in many hundreds of published papers and in the annual conference
“Permutation Patterns” organized for the first time at the University of Otago in
Dunedin, New Zealand, in 2003. The introduction of the area of (permutation)
patterns is traditionally attributed to Donald Knuth and in particular to exercises
on pages 242–243 in his first volume of “The Art of Computer Programming” [540]
in 1968, while the first systematic study of pattern avoidance was done by Rodica
Simion and Frank W. Schmidt [721] in 1985.

There are several survey papers on this subject [136, 183, 515, 512, 352, 749,
751, 805] and the entire Volume 9 (2) of the Electronic Journal of Combinatorics

is devoted to it. Moreover, there are proceedings of the Permutation Patterns 2007
conference, edited by Steve Linton, Nik Ruškuc and Vincent Vatter, and published in
the London Mathematical Society Lecture Note Series, Cambridge University Press
(vol. 376). The book “A walk through combinatorics” [141] by Miklós Bóna contains
material on permutation patterns, while the book “Combinatorics of permutations”
[137] by the same author provides a comprehensive and accessible introduction to
so-called classical permutation patterns. Finally, there is the book “Combinatorics
of compositions and words” [461] by Silvia Heubach and Toufik Mansour directly
related to the subject.

However, the area has grown far beyond the content of the books mentioned
above. The notion of a “pattern” has been extended in many different ways, often
bringing new connections to other disciplines. Even such an important and relatively
well-studied class of patterns as “generalized patterns” (called “vincular patterns”
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in this book) introduced by Eric Babson and Einar Steingŕımsson in 2000, received
almost no attention in the books by Bóna and was not considered for permutations
in the book by Heubach and Mansour. One of the goals of this book is to introduce
a new notation for vincular patterns, because it has been somewhat confusing so
far.

The two main objectives of this book are the following:

1. To provide a motivation to study patterns by demonstrating as many links
to other areas of research as possible — Chapters 2 and 3 are entirely dedicated
to this, and many other parts of the book contain such motivating material.
These links provide connections to different combinatorial structures appear-
ing in the literature, but also references to computer science (sorting, generat-
ing, and complexity issues), statistical mechanics (Partially Asymmetric Sim-

ple Exclusion Process), and computational biology (whole genome duplication-

random loss model).

2. To be comprehensive in mentioning existing publications, and in sketching
new research directions and trends in the field. In particular, we hope to
have gathered, in our bibliography, almost all published papers related to
the area (the book contains more than 800 references). Of course, there is
a price to pay for being comprehensive, while keeping the size of the book
within reasonable limits — we give very few proofs and there are no exercises.
However, references are given to all results mentioned, so that the interested
reader should have no problems finding the details.

While the book mentions several original results from papers in preparation, a couple
of important topics were not covered the way they deserve to be. These topics
include, but are not limited to, the intensively studied theory of pattern classes

(see Remark 6.1.65 for a collection of references on it) and enumeration schemes

(see [662, 663, 781, 816]). Moreover, we do not discuss at all a couple of research
directions, for example, the results on the Möbius function on posets defined by
different notions of pattern containment (see [107, 122, 202, 513, 708, 752]). Except
for that, the book is a comprehensive collection of up-to-date results on patterns,
most of which will be accessible to a broad audience, from undergraduate students
to active researchers in the area of patterns in words and permutations, or adjacent
fields.

The book is organized as follows.

• In Chapter 1 we introduce the main classes of patterns of interest in this book
(classical patterns, barred patterns, vincular patterns, bivincular patterns, and
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partially ordered patterns) and also provide examples of typical problems on
these patterns. Moreover, we list a bibliography related to each of the pattern
classes.

• In Chapters 2 and 3 we provide motivation points to study patterns in words
and permutations. They include links to theoretical computer science through
several sorting devices, planar maps and relevant objects, Schubert varieties
and Kazhdan-Lusztig polynomials, computational biology through the tandem
duplication-random loss model, statistical mechanics through the Partially
Asymmetric Simple Exclusion Process, the theory of partially ordered sets,
classification of Mahonian statistics, bijective combinatorics through encoding
combinatorial objects by pattern-restricted permutations, and more.

• In Chapter 4 we present the more than thirty year history of bijections between
permutations avoiding any classical pattern trivially equivalent to 321 and any
pattern trivially equivalent to 132. We discuss a recent classification of these
bijections and a philosophical question on what is a “good” bijection from the
point of view of bijective combinatorics. Additionally, this chapter provides
a collection of approaches to deal with classical patterns, along with general
theorems about Wilf-equivalence of certain classical patterns.

• Chapter 5 contains an overview of results on consecutive patterns, and various
approaches to studying them. For example, in this chapter we discuss the
symbolic method, the symmetric functions approach, and the cluster and chain
methods.

• In Chapters 6 and 7 we collect known (mostly enumerative) results on various
patterns other than consecutive ones.

• In Chapter 8 we discuss several topics without a common thread. These topics
include simple permutations, pattern matching problems, Gray codes, packing
patterns, a link to combinatorics on words, universal cycles, simsun permuta-
tions, and games on patterns in permutations.

• In Chapter 9 we present several extensions and generalizations of the study of
patterns discussed in the previous chapters.

• Appendix A serves as an easy access to the definitions for most of the permu-
tation/word statistics and number sequences appearing in this book, while in
Appendix B we provide a couple of basic algebraic facts, including the notion
of Chebyshev polynomials of the second kind.
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Notation

|A| the number of elements in a set A
asc(π) the number of ascents in π

Av(P ) the set of all permutations avoiding each pattern in P

Avℓ(P ) the set ∪n≥0Wn,ℓ(P )
b.g.f. bivariate generating function
BP barred pattern
BVP bivincular pattern
Cn the n-th Catalan number

C(x) the g.f. 1−
√
1−4x
2x

for the Catalan numbers
c(π) the complement of a permutation π

Dn the set of all Dyck paths on 2n steps
des(π) the number of descents in π

E the set of even numbers {0, 2, 4, . . .}
e.g.f. exponential generating function
Fn the n-th Fibonacci number
f.g(π) the composition f(g(π))
g.f. generating function
i(π) the inverse of a permutation π

inv(π) the number of inversions in a permutation π

[ℓ] the set {1, 2, . . . , ℓ}
[ℓ]n the set of all words of length n over [ℓ]
[ℓ]∗ the set ∪n≥0[ℓ]

n

Mn the n-th Motzkin number
N the set of natural numbers {0, 1, 2, . . .}
n-permutation permutation of length n

[n]q 1 + q + q2 + · · ·+ qn−1 = 1−qn

1−q

[n]p,q
pn−qn

p−q

[n]q! = [n]! [n]q[n− 1]q · · · [1]q
[n]p,q! [n]p,q[n− 1]p,q · · · [1]p,q
[

n

k

]

q

[n]q!

[k]q![n−k]q!
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O the set of odd numbers {1, 3, 5, . . .}
P the set of positive integers
POP partially ordered pattern
Q the set of rational numbers
R the set of real numbers
r(π) the reverse of a permutation/word π

red(π) the reduced form of a permutation π

Sn the set of all permutations of length n

Sn the n-th (large) Schröder number
Sn(P ) the set of all n-permutations avoiding each pattern in P

Sk
n(P ) the set of all n-permutations containing k occurrences of

patterns in P

S∞ the set ∪n≥0Sn

sn(P ) |Sn(P )|
skn(P ) |Sk

n(P )|
S(n, k) Stirling number of the second kind
Un(x) the n-th Chebyshev polynomial of the second kind
VP vincular pattern
Wn,ℓ(P ) the set of all words in [ℓ]n that avoid each pattern in P

W k
n,ℓ(P ) the set of all words in [ℓ]n that contain exactly k occurrences

of patterns in P

wn,ℓ(P ) |Wn,ℓ(P )|
wk

n,ℓ(P ) |W k
n,ℓ(P )|

Z the set of integers

α1 ⊕ α2 12[α1, α2]
α1 ⊖ α2 21[α1, α2]
ε the empty word/permutation
p1 ∼ p2 p1 and p2 are Wilf-equivalent
p1 ∼k p2 p1 and p2 are k-Wilf-equivalent
p1 ∼∗ p2 p1 and p2 are strongly Wilf-equivalent
σ[α1, α2, . . . , αm] the inflation of σ by α1, α2, . . . , αm
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Chapter 1

What is a pattern in a

permutation or a word?

We begin with some basic definitions.

Definition 1.0.1. A word is a sequence whose symbols (or letters) come from a set
called an alphabet. Alphabets in this book are finite, and the most typical alphabet
here is of the form [ℓ] = {1, 2, . . . , ℓ}. Most of the words we deal with in this book
are finite as well. We let [ℓ]n denote the set of all words of length n over [ℓ] and
[ℓ]∗ = ∪n≥0[ℓ]

n. A word from an ℓ-letter alphabet is often referred to as an “ℓ-ary
word”.

Example 1.0.2. 2411121 and 25554 are words over the alphabet [5] = {1, 2, 3, 4, 5},
while abbacca is a word over the alphabet {a, b, c}.

[3]2 = {11, 12, 13, 21, 22, 23, 31, 32, 33}.

It is easy to show that there are kn different words of length n over a k-letter
alphabet.

Definition 1.0.3. A permutation of length n (also referred to as an n-permutation)
is a one-to-one function from an n-element set to itself. We write permutations as
words σ = σ1σ2 · · ·σn, whose letters are distinct and usually consist of the integers
1, 2, . . . , n (where σi is the image of i under σ). This way of writing permutations is
often referred to as one-line notation. We let Sn denote the set of all permutations
of length n, and S∞ = ∪n≥0Sn.

Example 1.0.4. 413265 is a 6-permutation, whereas 265, bca, and 132 are permu-
tations of length 3. S1 = {1}, S2 = {12, 21}, S3 = {123, 132, 213, 231, 312, 321},
etc.
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